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Abstract

This paper examines the stability of the exible-object

impedance controller when coupled to an arbitrary passive

environment. A simple representative system is developed

to study the problem based on phenomena observed in a

more complex, experimental system. Analysis of this repre-

sentative system leads to several conclusions regarding fac-

tors that limit the achievable impedances of a multi-arm sys-

tem grasping a common object. The �ltering of the external

force signals and the e�ective mass contributed by the ma-

nipulators prove to be two of the important factors. Some

general guidelines are developed for the successful applica-

tion of exible-object impedance control to insure coupled-

system stability. These guidelines are applied to both the

representative and experimental systems and veri�ed.

1 Introduction

The advantages of using multiple manipulators in-
clude increased payload capability, improved dexterity with
larger objects, and expanded functionality. Most previous
research, however, focused on developing control strategies
for multiple robotic arms manipulating a single, rigid body.
Various potential robotic applications, from the assembly of
spring-loaded parts in a manufacturing environment to the
servicing of satellite solar arrays in orbit, will involve the
manipulation of exible objects by multiple robotic arms.

Object impedance control (OIC) was developed as an
object-based control policy for multiple robotic arms ma-
nipulating a rigid object [11]. This work extended Hogan's
impedance control concept, which attempts to regulate the
relationship between the position and force at the endpoint
of a single manipulator [4], to a multi-manipulator system.
Recent work developed exible-object impedance control,
an extension of OIC to a class of exible objects, and exper-
imentally veri�ed it [7]. Both of these controllers attempt
to make the physical system behave like a reference model
by cancelling the actual dynamics using a combination of
feedback and feedforward control. These controllers use a
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reference model that speci�es a programmable impedance
between the object and the environment. While some men-
tion has been made of the limitations on achievable refer-
ence model dynamics due to actuator bandwidth, no com-
prehensive study has been performed. This paper presents
the results of an initial study designed to address that issue.

While a number of tools exist for analyzing the perfor-
mance and stability of servo-controlled dynamic systems,
tools for the analysis of the behavior of a controlled system
coupled to the environment are less prevalent. Certainly,
for a well-known environment, a model of the environment
can be explicitly incorporated into the system model and
the stability and performance of the system can be analyzed
using conventional methods [2, 13].

This research draws on the results of another approach,
taken by Fasse and Colgate, that provides a general method
of analyzing the stability of closed-loop systems coupled
to passive environments. [3, 1]. Colgate's research showed
that a LTI n-port plant will be stable when coupled to an
arbitrary passive environment i� it has the driving point
impedance of a passive system [1].

A physical location where the system exchanges energy
with the environment is a port. Generally, two variables,
such as torque and angular velocity, whose product de�nes
the power ow into the system at that location, characterize
a port. Using bond-graph terminology, the power variables
fall into two classes: e�orts and ows [9]. An impedance, or
a driving-point impedance, refers to the dynamic relation-
ship between power variables at a port; more speci�cally,
a driving-point impedance maps a ow input to an e�ort
output. Conversely, an admittance maps an e�ort input to
a ow output.

This analysis employs two methods of testing if a con-
trolled system exhibits the driving point impedance of a
passive system, both drawn directly from Colgate [1].

1. For MIMO systems, a passive system satis�es the re-
quirement that Z(jw)+ZH (jw) is a non-negative def-
inite Hermitian, where Z represents the admittance
matrix of the system. Any of a number of charac-
teristics of positive semide�nite matrices can be used
to test Z(jw) + ZH(jw), including testing for non-
negative eigenvalues [12].

2. For passive SISO systems, the Nyquist plot of Z(s)
will remain within the closed right half plane(RHP).



Consequently, the phase of the admittance of a passive
SISO system must lie between -90� and 90�.

This paper applies the second test to a simple represen-
tative system to develop an understanding of the impor-
tant factors a�ecting the coupled stability of a system un-
der exible-object impedance control. Based on this anal-
ysis, some general guidelines for successful application of
exible-object impedance control are derived. These guide-
lines are used to develop a solution and extend that solution
to the experimental system. Further analysis and experi-
mental results verify the validity of the solution.

2 Experimental System

The experimental facility, shown in Figure 1, consists of
a pair of two-link manipulators in the SCARA con�guration
�xed to a granite surface plate, the exible object, a �x-
ture for the exible object, the real-time control computer
system, an overhead vision system, and a Sun workstation.
The exible object features a unique six-bar mechanism
that provides a single exible degree of freedom. More

Figure 1: Experimental Dual-Arm Hardware

The dual arm system can perform planar motions. The

object manipulated by the system oats on a cushion of

air.

detailed descriptions of the manipulators, real-time vision
system, and computers are contained in [10] while [6] de-
scribes the exible object in greater detail.

3 Flexible-Object Impedance Control

Figure 2 presents a block diagram of the exible-object
impedance controller implemented on this system. This
controller essentially linearizes the system using nonlinear
feedback and attempts to make each degree of freedom of
the object react to external forces with a programmable
impedance. For a more detailed discussion of the exible-
object impedance controller, see [7]. Note that arm con-
trollers get both desired force and desired acceleration as in-
put from the exible-object impedance controller. The de-
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Figure 2: Block Diagram

The exible-object impedance controller incorporates

full kinematic and dynamic models of the exible ob-

ject.

sired acceleration allows each arm's computed-torque con-
troller to compensate for the dynamic properties of the ma-
nipulator, including the inertia of the arm. Also note that
the system has no direct measurement of the external forces
acting on the object. It uses a measure of the forces applied
to the object by the arms and the equations of motion of
the object to estimate these external forces.

One of the bene�ts of exible-object impedance control
is the ability to perform both free-space motions and con-
tact tasks without switching control modes. Applying this
control design method without considering the objective of
the controller or the coupled-system stability, however, can
lead to problems. Figure 3 shows the results of such a prob-
lem. In this experiment, the system is slewing the exible
object when it encounters an very rigid object in the en-
vironment. As the plot shows, this results in an unstable
chattering of the exible degree of freedom. These re-
sults motivate the introduction of a representative system
to analyze the stability of the experimental system when
coupled to arbitrary passive environments.

4 Representative System

For the purpose of this stability analysis, a simple mass
with a single degree of freedom will serve as the represen-
tative system, since it shares certain important character-
istics with the experimental system. The SISO criterion
will be used to test for stability when coupled to passive
environments.

4.1 System Equations

Figure 4 depicts the representative system. Following
the standard impedance control derivation, the desired be-
havior of the system is given by:

md�x+ bd _x+ kdx = fext (1)



Figure 3: Stability Problems

Attempting to apply exible-object impedance control

without considering the stability of the system when in-

teracting with the environment can lead to instability.

During a contact experiment, such a controller could

cause the object to chatter against a sti� environment.

Figure 4: Representative System Schematic

The representative system used to examine some of the

stability issues when applying object impedance control

to real systems consists of a mass acted upon by two

forces: an external force from the environment and the

actuator force.

where md, bd, and kd represent the desired mass, damping,
and sti�ness of the system and fext represents the external
force acting on the object. The actual equations of motion
are:

m�x = fext + fact (2)

where fact is the actuator force. Applying the exible-
object impedance control design procedure to this system
produces the following equations for �xcmd and fact, the
commanded acceleration and actuator force required for the
system to respond according to Equation 1:

�xcmd =
~fext � bd _x� kdx

md

(3)

fact =
m

md

(�bd _x� kdx) + (
m

md

� 1) ~fext (4)

where ~fext represents the controller's estimate of the exter-
nal force acting on the object, since no direct measurement
of that force is available. Recall that the controller tries to
make the system respond to fext with the programmable
impedance speci�ed in Equation 1.

If the desired mass of the reference model, henceforth
referred to as the desired mass, equals the actual mass of
the system, ~fext has no e�ect on fact. If the desired mass
di�ers from the actual mass, however, when the controller
senses an external force, it must instantaneously apply a
force, either counteracting or reinforcing the sensed exter-
nal force. Several justi�cations can be made for attempting
to change the apparent mass of the system, including re-
ducing impact forces, decoupling inherently coupled mass
matrices, and implementing a pseudo remote center of com-
pliance (RCC) to aid in assembly operations.

4.2 Coupled-System Stability Analysis

If the desired mass does not equal the actual mass, the
estimated external force will a�ect the commanded control
torques sent to the manipulators. With an exact measure
of the external force, any impedance relationship is achiev-
able, neglecting actuator limitations. Since the force sig-
nals in the experimental system undergo low-pass �ltering
to reduce the noise from the strain-gage measurements:

~fext =
!2n

s2 + 2�!n + !2n
fext (5)

The estimate of the external force runs through a second
order low pass �lter with break frequency !n and damping
�. Solving for the admittance of the system produces the
following equation:

A(s) =
_x

fext

=

s3+2�!ns
2

m
+

!2ns

md

(s2 + 2�!ns+ !2n)(s2 +
bd
md

s+ kd
md

)
(6)

This admittance will have a phase that moves from +90�

at low frequencies to -90� at high frequencies. Depending
upon !2n and kd

md
, however, the phase could pass outside

these boundaries for regions of the frequency domain.

To examine the e�ects of varying the desired mass from
the actual mass, either or both could be changed. Since
changing the desired mass would also require changing the
damping and sti�ness coe�cients in Equation 1 to maintain
the same controlled bandwidth, the actual mass was varied.

Figure 5 shows the Bode and Nyquist plots for values of
the actual mass corresponding to twice and four times the
desired mass. The numbers used for the various system pa-
rameters are normalized from the values for a single degree
of freedom of the exible object. In this case md = 1 kg,
kd = 60 N=m, bd = 15:49 N� s=m, !n = 987 rad=s2, and
� = 0:75. Plots for the target admittance are included
for reference. This plot shows the general trend when the
controller attempts to decrease the apparent mass of the
system. Note that the phases of the admittances for both
of the systems with md

m
< 1 drop below -90�. Thus, the

Nyquist plots for both these systems have loops that enter
the left half plane, indicating instability when coupled to
sti� environments.
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Figure 5: E�ects of Decreasing Mass

Attempts to decrease the mass of the system can lead

to instability. The Bode plots of the admittance of the

system for md

m
ratios of 1, 1

2
, and 1

4
show that, for both

systems with md < m, the phases pass below the -90�

stability boundary. Consequently, the Nyquist plots for

these cases pass into the left half plane, indicating insta-

bility.

Figure 6 shows a root locus for the representative sys-
tem coupled to an environment consisting only of a linear
spring as the sti�ness coe�cient of the spring varies. For
this case, the actual mass is 2 kg. The locus shows that
a pair of roots leave the left half plane when the environ-
mental sti�ness is about 1075 N/m and return when the
environmental sti�ness is approximately 7375 N/m. Thus,
as predicted by the coupled-system stability analysis, the
system exhibits conditional stability: it exhibits unstable
behavior when coupled to environments with a range of
sti�nesses.

In summary, for the simple representative system, the
coupled stability criterion has shown that attempting to
decrease the apparent mass can lead to instability when
the system interacts with sti� environments.

4.3 E�ects of Actuator Dynamics

The previous analysis assumed that the actuator could
provide a speci�able force acting on the object. In most

−80 −60 −40 −20 0 20 40 60 80
−80

−60

−40

−20

0

20

40

60

80

Real Axis

Im
ag

 A
xi

s

Spring Coupling Locus

Figure 6: Root Locus for Coupling to Spring En-

vironment

Modeling the environment as a linear spring and plot-

ting a locus versus the environmental sti�ness shows that

the closed-loop poles of the representative system under

impedance control with md

m
= 1

2
can pass into the right

half plane. The +'s represent the points where the roots

enter and leave the right half plane, at kenv = 1075 N=m
and kenv = 7375 N=m, respectively.

real mechanical systems, including the experimental sys-
tem used for this work, the actuators are not simple force
sources: they have dynamics of their own. Recognizing this,
the exible-object impedance controller passes the desired
arm endpoint accelerations as well as the desired endpoint
forces to the individual arm controllers. This enables the
arm controllers to compensate for the arm dynamics. In the
case of the highly idealized, direct-drive arms used in this
research, the inertia of the manipulators is the principal
dynamic e�ect that must be taken into account.

To understand how the actuator inertia a�ects the sta-
bility analysis, an actuator model is added to the represen-
tative system, as shown in Figure 7. A simple mass, mact,

Figure 7: Addition of Actuator Inertia

This schematic shows the addition of actuator dynamics,

represented by the additional mass, mact, to the repre-

sentative system.

rigidly coupled to the object models the actuator dynamics.
The calculated input force, fin, acts on the actuator mass.
Equation 4 still produces the commanded actuator force,
fact, but now the controller also attempts to compensate
for the actuator dynamics:

fin = fact +mact�xcmd (7)

Substituting the results of Equations 4 and 3 and simpli-
fying produces the expression:

fin =
mact +m

md

(�bd _x� kdx)+
�
mact +m

md

� 1
�
~fext (8)



This equation shows that the mass ratio that determines
the stability of the system is actually mact+m

md
not simply

m
md

, so the actuator mass plays an important role in deter-
mining the coupled-system stability.

In the actual experimental system, this factor becomes
even more important, since the object is grasped by a pair
of manipulators. In fact, exible-object impedance control
is derived for an arbitrary number of manipulators grasping
the object. In that case, the sum of the e�ective inertias
of the manipulators may dominate the total inertia of the
system.

The fact that the e�ective inertia of an object grasped
by multiple manipulators includes the inertia of the ma-
nipulators is not a new result. Khatib's work on extending
the operational space technique for control of systems with
multiple manipulators grasping a common object demon-
strated that the e�ective inertia of an object grasped by
a number of arms in parallel was the sum of the iner-
tias taken about a single operational point [5]. The ob-
ject impedance control technique, however, which draws
on the work of Nakamura [8], separates the controller into
2 distinct parts: an object controller that generates desired
forces and accelerations for the arm endpoints and the arm
controllers which calculate the necessary command inputs
for each arm. Looking at the controller from this perspec-
tive, it is tempting to treat the arms as \virtual" actuators
and ignore their contributions to the dynamic behavior of
the grasped object.

Calculating the values of the diagonal elements of the
mass matrix for the system (including the arms and the
object) throughout the workspace of the arms, since the
values vary with con�guration, produced values of mtotal

mobject

ranging from 1.29 to 8.22. In this calculation, mtotal repre-
sents the total e�ective mass of the system in a single degree
of freedom and mobject is the contribution from the exible
object. Since the desired mass parameters were chosen to
approximately match the diagonal elements of the object's
mass matrix, mtotal

mobject
'

mact+m

md
. As the analysis of the

representative system shows, even an attempt to decrease
the apparent mass by a factor of 2 can result in stability
problems.

4.4 Solution Alternatives

Changing the desired mass parameters to reect more
closely the mass of the actual system would solve the sta-
bility problems. As noted previously, however, these inertia
parameters vary considerably across the workspace of the
dual-armed system. Also, to maintain a consistent band-
width of about 1.5 Hz, an increase of 400% in the mass of
the virtual object would also require a similar increase in
the sti�ness term in the impedance law, resulting in a very
sti� system with relatively large forces generated by small
errors.

The force �lter coe�cients are another set of parameters
that could be changed to a�ect the coupled-system stability.
Equation 9 presents the admittance of the representative

system with actuator dynamics included.

A(s) =

1

mact+m
(s3 + 2�!ns

2 + mact+m
md

!2ns)

(s2 + 2�!ns+ !2n)(s2 +
bd
md

s+ kd
md

)
(9)

Looking at this equation, the �lter introduces a pair of
poles and a pair of zeros. When md

mact+m
< 1, the �lter zeros

enter at a higher frequency than the �lter poles, introducing
phase lag. Consequently, raising the force �lter frequency
will only serve to raise the range of sti�nesses that lead
to instability. Lowering the force �lter frequency, on the
other hand, should improve the coupled-system stability
by moving the frequency at which the �lter e�ects appear
below the range where the phase of the desired admittance
is close to -90�.

When attempting to increase the e�ective mass of the
system ( md

mact+m
> 1), however, the �lter zeros occur at

a lower frequency than the �lter poles, introducing some
phase lead. In this case, the �lter cuto� frequency should
be above the frequency determined by the bandwidth of
the reference model ( kd

md
) to insure coupled-system stabil-

ity. This will keep the phase lead from the force �lter out
of the region where the phase of the reference admittance
approaches +90�.

So, two choices are available to solve the instability prob-
lems in this representative system: lower the force �lter fre-
quency or increase the desired mass properties of the con-
troller above the maximumvalues calculated for the system.
For this experimental system, the option that lowered the
force �lter frequency was chosen.

Figure 8 shows how lowering the force �lter frequency
from 5 Hz to 1.5 Hz changes the coupled-system stability.
Now the e�ective mass of the system can be reduced by a
factor of 3.45 without resulting in instability when coupled
to a passive environment.

Even with this improvement, it is not enough to cover
the range of variations in the e�ective inertia seen when
moving the exible object throughout the workspace. This
analysis only considered the diagonal terms of the mass
matrices, however, not the fully coupled matrix that occurs
in the real experimental system.

5 Extension to Experimental System

To verify that decreasing the force �lter cuto� frequency
also works on the full nonlinear equations of motion of the
experimental system, a more complex analysis was per-
formed.

To check the coupled-system stability of the experimen-
tal system, the system equations of motion (both the ob-
ject and the manipulators) were linearized about over 4000
points in the workspace. At each of these points, the eigen-
values of the admittance matrix were calculated across a
frequency range of 0.0001 rad/s to 10000 rad/s. This pro-
cess returned two sets of data: the minimum eigenvalue at
each frequency, regardless of position, and the minimum
eigenvalue at each x; y location in the workspace, regard-
less of frequency or � position. The upper plot presents the
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Figure 8: Force-Filter Frequency E�ects on

Coupled-System Stability

Lowering the force-�lter cuto� frequency improves the

coupled-system stability of the representative system.

Now the controller can interact stably with any passive

environment with a mass ratio of md

m+mact
= 1

3:45
.

minimum eigenvalue as a function of frequency while the
bottom plot shows the minimum eigenvalue of the admit-
tance matrix as a function of x; y position. In the lower
plot, those values of the workspace that were unreachable
have a minimum value of zero.

Figure 9 demonstrates that, with the break frequency for
the force �lter at 5 Hz, as originally attempted, the system
exhibits coupled instability. The lowest eigenvalue at any
reachable point in the workspace is negative in this case.
Thus, at any point in the workspace, the system would
be unstable if coupled to an environment with a certain
sti�ness.

Figure 10, on the other hand, demonstrates that low-
ering the force �lter cuto� frequency to 1.5 Hz solves the
coupled-system stability problem. Notice that all of the
minimum eigenvalues are positive. Thus, the system should
perform stably when coupled to an arbitrary passive envi-
ronment.

Finally, Figure 11 compares the results of the contact ex-
periment for the two force �lter cuto� frequencies. Clearly,
the controller can now bring the object stably into contact
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Figure 9: 5 Hz Force Filter

As observed experimentally, the system with a 5 Hz force

�lter on the estimated external force measurements will

exhibit instability when interacting with certain sti� en-

vironments.

with a very sti� environment.

6 Conclusions

This paper developed some general guidelines for suc-
cessfully applying exible-object impedance control to a
system composed of multiple manipulators grasping a exi-
ble object to insure stability of the system when coupled to
arbitrary passive environments. The interaction between
�ltering on the estimated external force and the desired
impedance behavior of the object can lead to instability.
This conict can be resolved by altering either the �lter
parameters or the desired impedance parameters. These
guidelines were developed through analysis of a simple lin-
ear system and then applied to the experimental system
and veri�ed, both analytically and experimentally.

This paper also demonstrated that the inertia of the ma-
nipulators grasping the object has a signi�cant a�ect on the
coupled-system stability of the system and must be consid-
ered when selecting the desired impedance parameters.
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